Abstract. In this paper we equip the spaces of isospectral finite rank density operators with natural Riemannian and symplectic structures, and we derive a geometric uncertainty relation for observables acting on systems in mixed states. Furthermore, we give a geometric proof of the Robertson-Schrödinger uncertainty relation, and we compare the two relations. It turns out that in general they are not equivalent. We explain why this is so and we give examples of observables for which the geometric relation provides a stronger estimate than that of Robertson and Schrödinger, and vice versa.
Introduction
Classical mechanics is essentially a geometric theory while the traditional mathematical formulation of quantum mechanics is functional analytic. Geometric quantum mechanics seeks to unify these seemingly different approaches to mechanics.
Common for classical and pure quantum systems is that their phase spaces are symplectic manifolds and their observables generate symplectic flows [1, 2, 3, 4] . Quantum systems, however, exhibit characteristics that have no classical counterparts. One is the impossibility to fully predict results of measurements.
Observables in classical mechanics are represented by real-valued functions, and the result of a measurement of an observable equals the value of the corresponding function at the point in phase space that labels the system's state. This means that measurement results are completely predictable in classical mechanics. The situation in quantum mechanics is quite different. There, observables are represented by self-adjoint operators, and only expectation values and uncertainties of observables can be calculated. The actual value of an observable cannot in general be known prior to measurement. Furthermore, there is a limit to the precision with which values of pairs of observables can be known simultaneously. This is the famous quantum uncertainty principle.
A quantum system prepared in a pure state can be modeled on a projective Hilbert space equipped with the Fubini-Study Kähler metric. The real and imaginary parts of this metric (suitably scaled) equips the projective Hilbert space with Riemannian and symplectic structures, and thus with Riemann and Poisson brackets. For observables acting on systems in pure states it has been shown [3] that the Robertson-Schrödinger uncertainty relation can be expressed entirely in terms of the Riemann and Poisson brackets of the observables' expectation value functions. In this paper we generalize this result to systems in mixed states.
The state of an experimentally prepared quantum system usually exhibits classical uncertainty -it is mixed, i.e., an incoherent superposition of pure states. Mixed states are commonly represented by density operators. The spectrum of a density operator representing a quantum system's state is preserved when the system evolves according to a von Neumann equation. In this paper we equip the spaces of isospectral finite rank density operators with natural Riemannian and symplectic structures and we derive a geometric uncertainty relation for observables acting on systems in mixed states
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. We also give a geometric proof of the RobertsonSchrödinger uncertainty relation, and we compare the two uncertainty relations. It turns out that in general they are not equivalent. We show explicitly why this is so and we give examples of observables for which the geometric relation provides a stronger estimate than that of Robertson and Schrödinger, and vice versa. This work is inspired by [5] .
Purification of mixed states and symplectic reduction
This paper deals with quantum systems in mixed states which evolves unitarily. The systems will be modeled on an unspecified Hilbert space H and their states will be represented by density operators. Recall that a density operator is a positive trace-class operator with unit trace. We write D(H) for the space of density operators on H, and D k (H) for the space of density operators on H which has finite rank at most k.
A density operator whose evolution is governed by a von Neumann equation will remain in a single orbit for the left conjugation-action of the unitary group U(H) of H on D(H). The orbits are in one-to-one correspondence with the possible spectra of density operators on H. We show in this section how symplectic reduction on the total spaces of suitably chosen Uhlmann purifications produces natural symplectic and Riemannian structures on the orbits of density operators of finite rank.
Uhlmann purification of mixed states.
A quantum state is called pure if it can be represented by a single unit vector, or, equivalently, if its density operator has 1-dimensional support. The term "purification" refers to the fact that every density operator can be regarded as a reduced pure state. Let k be a positive integer and K be a k-dimensional Hilbert space. A particular purification reduction of mixed states represented by density operators of rank at most k, which we call the Uhlmann purification (for rank k density operators) [6, 7, 8, 9] , is given by the surjective map
The domain of the Uhlmann purification is the unit sphere in the space L(K, H) of linear operators from K to H equipped with the Hilbert-Schmidt Hermitian inner product.
Remark 1. If a quantum system modeled on H can be considered a subsystem of a larger quantum system, the Hilbert space of the larger system decomposes as a product H ⊗ K and the subsystem's state is represented by the partial trace with respect to K of the density operator representing the larger system's state. Partial trace reduction is justified by the fact that it is the only reduction of density operators on H ⊗ K that respects expectation values of local observables [10] : If A is an observable on H and ρ = Tr K R, where R is a density operator on H ⊗ K, then Tr(Aρ) = Tr((A ⊗ 1)R). Now, the Uhlmann purification is a special case of partial trace reduction. If we identify L(K, H) with H ⊗ K * , write S(H ⊗ K * ) for the unit sphere in H ⊗ K * , and P(H ⊗ K * ) for the projective space over H ⊗ K * , then (1) is given by the composition Let S(σ) be the set of maps ψ in L(K, H) satisfying ψ † ψ = P , where
and define π : S(σ) → D(σ) as the restriction of the Uhlmann purification to S(σ).
Then π is a principal fiber bundle with gauge group U(σ) consisting of all unitary operators on K which commutes with P . The action of U(σ) on S(σ) is induced by the canonical right action of the unitary group U(K) on L(K, H). We write u(σ) for the Lie algebra of U(σ). This algebra consists of all anti-Hermitian operators on K which commutes with P . Remark 2. For a general spectrum the total space S(σ) is diffeomorphic to the Stiefel variety of k-frames in H. But S(σ) will be equipped with a Riemannian metric which is different from the metric on the Stiefel variety induced by the standard bi-invariant metric on U(H).
When you purify a state you artificially add extraneous, perhaps inaccessible, information to your state. One way to get rid of this additional information is to use symplectic reduction. Next we will show that π is a reduced phase space submersion generated by a symplectic reduction on L(K, H) by the action of U(K). The existence of a symplectic structure on D(σ) will then follow from the classic symplectic reduction theorem by Marsden and Weinstein [11] :
Theorem 2.1. Consider a symplectic manifold (M, Ω) on which there is a Hamiltonian right action of a Lie group G with a coadjoint-equivariant momentum map
Assume that µ is a regular value of J and that the isotropy group G µ of µ acts freely and properly on J −1 (µ). Then the orbit projection π µ :
and the reduced phase space
Recall that a right action by a Lie group G on a symplectic manifold (M, Ω) is Hamiltonian if the action is by symplectic transformations R g and it has a coadjointequivariant momentum map J :
g is the right coadjoint representation of G on g * . Recall also the following effective way to determine if µ is a regular value of J: The symmetry algebra of x in M is the subalgebra g x of g consisting of those elements whose corresponding fundamental vector fields vanishes at x. Now µ is a regular value for J if the symmetry algebra for every x in J −1 (µ) vanishes:
Proof. A point x in M is regular if dJ maps the tangent space at x onto g * . This is equivalent to 0 being the only element ξ in g that satisfies dJ(X)(ξ) = 0 for all tangent vectors X at x. Now dJ(X)(ξ) = Ω(ξ(x), X), whereξ is the fundamental vector field on M corresponding to ξ. The proposition thus follows from the nondegeneracy of Ω.
Symplectic structure. A Riemannian metric and a symplectic form on L(K, H)
is given by 2 times the real part and the imaginary part, respectively, of the Hilbert-Schmidt inner product:
Furthermore, the unitary group U(K) acts on L(K, H) from the right by isometric and symplectic transformations, R U (ψ) = ψU . We write u(K) for the space of antiHermitian operators on K, i.e., the Lie algebra of U(K), andξ for the fundamental vector field corresponding to ξ in u(K):
Moreover, we write u(K) * for the space of functionals on u(K) and recall that every member in u(K) * is of the form µ η for some Hermitian operator η on K, where
Proposition 2.3. J is a coadjoint-equivariant momentum map for the U(K) action on L(K, H).
Proof. Let ξ be an anti-Hermitian operator on K, X be a vector tangent to L(K, H) at ψ, and U be a unitary operator on
Thus,ξ is the Hamiltonian vector field for J ξ , and J is coadjoint-equivariant.
Let E(K) be the space of functionals on u(K) that are represented by density operators on K. We have that J maps S(K, H) into E(K) because ψ † ψ is a density operator on K if ψ is a normalized linear map from K into H. In fact, J maps S(K, H) onto E(K), and J −1 (µ η ) is a subset of S(K, H) for every density operator η on K because µ η = µ ψ † ψ implies Tr(ψ † ψ) = Tr(η) = 1. Two density operators on K are unitarily equivalent, or, equivalently, their corresponding functionals belong to the same coadjoint orbit in u(K) * , if and only if they have identical spectra. The orbit corresponding to the spectrum σ contains the density operator P and S(σ) = J −1 (µ P ).
Proposition 2.4.
The functional µ P is a regular value for J, the isotropy group of µ P is U(σ), and U(σ) acts freely and properly on S(σ).
Proof. Suppose J(ψ) = µ P and assume ξ in u(K) is such thatξ(ψ) = 0. Then
Thus the symmetry algebra of ψ is trivial. Moreover, the isotropy group of µ P is U(σ) because i Tr(P U ξU † ) = i Tr(P ξ) for every ξ in u(K) is equivalent to the assertion that U commutes with P . Finally, U(σ) acts freely on S(σ) since ψU = ψ implies U = P −1 ψ † ψU = P −1 ψ † ψ = 1, and properly because it is compact. Proof. The orbit projection π P : S(σ) → S(σ)/U(σ) is a principal U(σ)-bundle, and the reduced phase space S(σ)/U(σ) has a unique symplectic form ω P such that π * P ω P = Ω| S(σ) by theorem 2.1. The projection π, which maps S(σ) onto D(σ), factorizes through a surjection S(σ)/U(σ) → D(σ). This map is also injective.
The operator U is unitary and commutes with P :
So U belongs to U(σ).
Remark 3. Another choice of representative than P for the orbit corresponding to σ gives rise to an isomorphic bundle. For ifP is another density operator on K with spectrum σ, thenP = U P U † for some unitary operator on K. Set S(σ) = {ψ ∈ L(K, H) : ψ † ψ =P } and defineπ :S(σ) → D(σ) byπ(ψ) = ψψ † . The mapπ is well defined because ψψ † andP have the same spectrum, namely σ, and we have a commutative diagram:
The gauge groups ofπ and π are conjugate equivalent,Ũ(σ) = U U(σ)U † , and R U is an isometric bundle map with respect to G|S (σ) and G| S(σ) such that R * U Ω| S(σ) = Ω|S (σ) .
Riemannian structure. The metric G restricts to a gauge-invariant metric on S(σ). We define the vertical and horizontal bundles over S(σ) to be the subbundles VS(σ) = Ker dπ and HS(σ) = VS(σ)
⊥ of the tangent bundle TS(σ). Here dπ is the differential of π and ⊥ denotes the orthogonal complement with respect to G. Vectors in VS(σ) and HS(σ) are called vertical and horizontal, respectively. We equip D(σ) with the unique metric g which makes π a Riemannian submersion. Thus, g is such that the restriction of dπ to every fiber of HS(σ) an isometry.
The fundamental vector fields of the gauge group action on S(σ) yield canonical isomorphisms between u(σ) and the fibers in VS(σ). Furthermore, HS(σ) is the kernel bundle of the gauge invariant mechanical connection A : TS(σ) → u(σ) defined by A ψ = I −1 ψ J ψ , where I : S(σ) × u(σ) → u(σ) * and J : TS(σ) → u(σ) * are the locked inertia tensor and metric momentum map, respectively:
The inertia tensor is of constant bi-invariant type since I ψ is an adjoint-invariant form on u(σ) which is independent of ψ. Thus it defines a metric on u(σ):
We use this metric to derive an explicit formula for the mechanical connection. The formula involves the operators
where m 1 , m 2 , . . . , m l are the multiplicities of the different eigenvalues in σ, with m 1 being the multiplicity of the greatest eigenvalue, m 2 the multiplicity of the second greatest eigenvalue, etc.
Proposition 2.6. Let X be a tangent vector to S(σ) at ψ. Then
Proof. We note first that each Π j ψ
The proposition now follows from
Geometric uncertainty relation
The expectation value function of an observable A on H is the function A on D(σ) defined by A(ρ) = Tr(Aρ). We write X A for the Hamiltonian vector field of A. This field has a distinguished gauge-invariant lift X A to S(σ), X A (ψ) = Aψ/i , and we say that A is parallel at a density operator ρ if X A is horizontal at some, hence every, purification in the fiber over ρ. Below we will show that the uncertainty of a parallel observable is proportional to the norm of the Hamiltonian vector field of the observable's expectation value function.
The locked inertia tensor can be used as a tool to measure deviation from parallelism: Given an observable A we define a u(σ)-valued field ξ A on D(σ) by π * ξ A = A • X A . Then ξ A · ξ A equals the square of the norm of the vertical part of X A . (Recall that · is the metric on u(σ) given by (11) .) It is an interesting fact that ξ A is an intrinsic field for the quantum system that contains complete information about the expectation values of A, c.f. (22) below. The opposite of parallelism we call perpendicularity. Thus, A is perpendicular at ρ if X A is vertical along the fiber over ρ, or, equivalently, if X A (ψ) = ψξ A (ρ) for every lift ψ of ρ. Note that A is perpendicular at ρ provided that ρ represents a mixture of eigenstates of A.
3.1.
A geometric uncertainty relation. The precision to which the value of an observable A can be known is quantified by its uncertainty function,
Furthermore, the precision to which the values of two observables A and B can be known simultaneously is limited by the Robertson-Schrödinger uncertainty relation [12, 13] :
Here (A, B) and [A, B] are the expectation value functions of the symmetric and antisymmetric products of A and B:
We derive a lower bound for ∆A∆B that involves only the Riemann and Poisson brackets of A and B:
Thus we derive a geometric uncertainty relation for quantum systems in mixed states.
Theorem 3.1. Let A and B be observables on H. Then
For systems in pure states the uncertainty relation (21) agrees with the geometric uncertainty relation derived in [3] . Moreover, it is a geometric version of (18). But, as we will see, for general mixed states the two uncertainty relations are not equivalent. The difference is due to the multiple dimensions of the vertical bundle of S(σ).
Proof of theorem 3.1. The expectation value functions of A and B are proportional to the lengths of the projections of ξ A and ξ B , respectively, on the unit vector χ = 1/i √ 2 in u(σ):
To see this suppose ρ is a density operator in D(σ) and ψ in S(σ) is such that ρ = ψψ † . By proposition 2.6 and (11),
and similarly for B(ρ). Furthermore,
Denote the projections of ξ A and ξ B on the orthogonal complement of χ by ξ
by (22) and (24). In particular,
Let X
|| A and X || B be the horizontal components of X A and X B . The Cauchy-Schwarz inequality yields
Estimate (29) together with (28) implies the uncertainty relation (21).
Comparison of the geometric and Robertson-Schrödinger uncertainty relations.
We can give a short geometric proof of the Robertson-Schrödinger uncertainty relation using the expressions (22), (24), and (27) for the expectation value functions of A and B and their symmetric and antisymmetric products:
and
Now (18) follows from (29), (30), (31), and the two estimates
Apparently, the difference between the geometric and Robertson-Schrödinger uncertainty relations lies in the term 2{A,
. Equation (31) shows that (21) is a geometric equivalent of (18) 
This is, e.g., the case if A or B is parallel, or if the density operators in D(σ) represent pure states, in which case the vertical bundle has 1-dimensional fibers. In general, however, the two relations are not equivalent. Equation (31) also shows that the right hand side of (21) interpolates between the two sides of (18) if
2 < 0, and that the right hand side of (18) interpolates between the two sides of (21) 
the maximum of the geometric relation and the Robertson-Schrödinger relation is a geometric uncertainty relation since the fields ξ A and ξ B are intrinsic:
3.3. Ensembles of spins. In this section we give examples of observables for which the geometric uncertainty relation provides a greater lower bound for the product of the observables' uncertainties than the Robertson-Schrödinger relation, and vice versa. But we start with a well-known example for which of the two relations provide the same lower bound. Let S = (S x , S y , S z ) be the spin operator, and write |s, m for the state which is certain to have spin s and magnetic quantum number m. Recall that |s, m is the common eigenstate of 
We conclude that
One identifies the right hand side of (39) as /2 times the modulus of S z (ρ). Next define four observables . From this it follows that the geometric uncertainty relation provides a greater lower bound for ∆A(ρ)∆B(ρ) than the Robertson-Schrödinger relation.
Conclusion
In this paper we have equipped the orbits of isospectral finite rank density operators with Riemannian and symplectic structures, and we have derived a geometric uncertainty principle for observables acting on quantum systems in mixed states. Moreover, we have compared this uncertainty relation with the RobertsonSchrödinger uncertainty relation. It turned out that the two relations in general are not equivalent.
